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Geometry of the parameter space of a quantum system: Classical point of view
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The local geometry of the parameter space of a quantum system is described by the quantum
metric tensor and the Berry curvature, which are two fundamental objects that play a crucial role
in understanding geometrical aspects of condensed matter physics. We consider classical integrable
systems and report a new approach to obtain the classical analogs of the quantum metric tensor and
the Berry curvature. An advantage of this approach is that it can be applied to a wide variety of
classical systems corresponding to quantum systems with bosonic and fermionic degrees of freedom.
Our approach arises from the semiclassical approximation of the Berry curvature and the quan-
tum metric tensor in the Lagrangian formalism. We also exploit this semiclassical approximation
to establish, for the first time, the relation between the quantum metric tensor and its classical
counterpart. We illustrate and validate our approach by applying it to five systems: the generalized
harmonic oscillator, the symmetric and linearly coupled harmonic oscillators, the singular Euclidean
oscillator, and a spin-half particle in a magnetic field. Finally, we mention some potential applica-
tions of this approach and possible generalizations that can be of interest in the field of condensed
matter physics.
I. INTRODUCTION
The Berry curvature [1] has become one of the funda-
mental concepts in modern physics. It is a geometrical
property of quantum states, that gives rise to a geometric
(Berry) phase when the system undergoes an adiabatic
evolution along a closed path in the parameter space.
The Berry curvature, which was initially used to study
the anomalous Hall conductivity [2, 3], has recently ac-
quired a growing interest in the field of condensed mat-
ter [4–6]. For instance, in crystalline solids, where the
parameters are the crystal momentum, the Berry cur-
vature is well recognized as an intrinsic property of the
band structure [4]. Another fundamental concept, which
is related to the Berry curvature, is the quantum met-
ric tensor [7]. This metric is also a geometrical property
of quantum states and provides a measure of the dis-
tance, on the parameter space, between two quantum
states with infinitesimally different parameters. Among
the full range of applications, the quantum metric tensor
is used for detecting the presence of quantum phase tran-
sitions [8–12] and also plays an essential role to extract
topological charges of tensor monopoles in condensed
matter physics [13, 14]. Although the quantum metric
tensor and the Berry curvature are two completely differ-
ent objects, they turn out to be part of the same geomet-
rical structure: the quantum geometric tensor. Specifi-
cally, its real part is the quantum metric tensor, and its
imaginary part corresponds to the Berry curvature.
Recently, in the context of the holographic principle,
it has been proposed [15] (see also [16, 17]) a Lagrangian
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approach to compute the quantum metric tensor through
Euclidean path integrals. This idea was taken further
in Ref. [18], where it was shown that such an approach
can be extended to obtain the quantum geometric ten-
sor. In contrast to the standard Hamiltonian approach,
the Lagrangian approach involves perturbations of the
Lagrangian in the parameter space rather than pertur-
bations of quantum states, which makes it suitable not
only for quantum field theories but also for systems where
the exact solution is not available [19].
On the other hand, in the context of thermodynamic
systems, the classical counterparts of the quantum met-
ric tensor were introduced in the seminal works of Wein-
hold [20] and Ruppeiner [21], and were subsequently im-
plemented in the broader frame known as geometrother-
modynamics [22]. In the framework of classical integrable
systems (those for which it is possible to introduce action-
angle variables), both the Berry curvature and the quan-
tum metric tensor have a counterpart. The classical ana-
log of the Berry curvature is the curvature of the Hannay
connection[23], which brings about an extra (Hannay)
angle picked up by the angle variables when the system
performs a closed adiabatic loop in the parameter space.
The semiclassical relation between the Berry phase and
the Hannay angle was given in Ref. [24] and verified in a
variety of systems (see Refs. [25, 26], for instance). An
alternative derivation of such a semiclassical relation by
using coherent states was provided in Ref. [27]. In the
case of the quantum metric tensor, its classical analog
was recently introduced in Ref. [28] and corresponds to
a classical metric in the parameter space that measures
the distance between two points in phase space with in-
finitesimally different parameters. The essential element
involved in the classical metric is the generating function
of the canonical transformation that infinitesimally shifts
the phase space variables with respect to the parameters
of the Hamiltonian. An important property of this clas-
2sical metric is that it produces the same (or almost the
same) parameter structure of the quantum metric tensor,
modulo a Bohr-Sommerfeld quantization rule for action
variables [28] .
In this paper, we consider classical integrable systems
and propose a new approach to compute the classical
analogs of the quantum metric tensor and the Berry cur-
vature, which relies on the Lagrangian formalism. We
achieve this by performing the semiclassical approxima-
tion of the quantum geometric tensor in the Lagrangian
approach, which allows us to obtain new expressions for
the classical metric introduced in Ref. [28] and the cur-
vature of the Hannay connection. The new expressions
involve averages over classical variables (the angle vari-
ables), and it is in this context that we use the term
"classical" throughout this work. An advantage of our
approach is that it does not require the generating func-
tion considered in Ref. [28] and, therefore, can be applied
to a wide range of systems, including those where such a
function is unknown. Furthermore, we extend our classi-
cal approach to consider fermionic systems, by including
classical Grassmannian variables [29, 30]. In this paper,
we also point out the semiclassical relation between the
quantum and classical metrics. This result, together with
that of Berry in Ref. [24], completes the set of semiclas-
sical relations between the quantum structures and their
corresponding classical analogs in the framework of clas-
sical integrable systems. We illustrate and corroborate
our approach and the semiclassical relation in five exam-
ples, obtaining the expected results.
The structure of the paper is the following. In
Sec. II we describe the Lagrangian approach proposed
in Ref. [18] to calculate the quantum metric tensor and
the Berry curvature from the quantum geometric tensor.
In Sec. III we carry out the semiclassical approximation
to the quantum geometric tensor to obtain the classical
counterparts of the quantum metric tensor and the Berry
curvature. In Sec. IV we apply our approach to compute
the classical metric and curvature in five systems. The
first system is the archetypal generalized harmonic os-
cillator, for which the classical metric and curvature are
well known [28]. The second one is a system of symmet-
ric coupled harmonic oscillators, which has been used in
the study of quantum entanglement [31–33] and circuit
complexity [34, 35]. The third system considered is that
of linearly coupled harmonic oscillators, which can also
be found in the study of quantum entanglement [36–38].
The next system analyzed is the singular Euclidean os-
cillator, which plays the role of the confinement potential
in quantum ring models [39]. The final system studied
is a particle with spin 1/2 in a magnetic field, which has
served as a prototypical example to illustrate the appear-
ance of the Berry phase [1] and the Hannay angle [29, 30].
In this example, we extend our approach to fermionic
systems using classical Grassmannian variables. In each
model, we compare the classical results with the quantum
counterparts. To conclude, Sec. V presents final remarks
and explores some new directions for further work.
II. QUANTUM METRIC TENSOR AND BERRY
CURVATURE: LAGRANGIAN FORMALISM
In this section, we recall some basic aspects on the
quantum metric tensor and the Berry curvature in
the Lagrangian formalism. Here, we follow the de-
scription introduced in Ref. [18]. Consider a quan-
tum system that during the Euclidean time interval
τ ∈ (−∞, 0) is represented by a path integral with
the Lagrangian L(q(τ), q˙(τ);x), where q(τ) = {qa(τ)}
(a, b, . . . = 1, . . . , n) are the configuration variables and
x = {xi} (i, j, . . .= 1, . . . , N) is a set of N ≥ 1 parame-
ters, that parametrize anN -dimensional parameter space
M. Let us now assume that at time τ = 0, the system is
subject to an adiabatic perturbation arising from a small
change of the parameters x → x′ = x + δx, so that for
the Euclidean time interval τ ∈ (0,∞), the system is
described by the perturbed Lagrangian L′ = L − Oidxi,
where
Oi(τ) :=Oi(q(τ), q˙(τ);x)=−(∂iL(q(τ), q˙(τ);x))q(τ),q˙(τ)(1)
are the Lagrangian deformations. Throughout the paper,
we use the notation ∂i := ∂/∂x
i.
Let |ψ0〉 and |ψ′0〉 be the ground states for the original
and deformed systems, respectively. Then the fidelity is
defined by F(x, x + dx) ≡ |〈ψ′0, τ → ∞|ψ0, τ → −∞〉|
and gives a measure of the change of the system by turn-
ing on the deformations. In the path-integral formalism,
the series expansion of the fidelity leads toF(x, x+dx) ≃
1− 12G
(0)
ij (x)dx
idxj , where
G
(0)
ij (x) =
1
~2
0∫
−∞
dτ1
∞∫
0
dτ2
(
〈Oˆi(τ1)Oˆj(τ2)〉0
− 〈Oˆi(τ1)〉0〈Oˆj(τ2)〉0
)
,
(2)
is the quantum geometric tensor. Here, 〈·〉0 denotes the
(functional) expectation value with respect to the unde-
formed Lagrangian L, namely
〈Aˆ〉0 = 1
Z0
∫
Dq
[
exp
(
− 1
~
∫ ∞
−∞
dτL
)
A(q)
]
, (3)
where Z0 is a normalization. It must be noticed that the
undeformed system already contains all the “interactions”
associated to the parameters x.
Assuming time-reversal symmetry for the two-point
functions, i.e., 〈Oˆi(−τ1)Oˆj(−τ2)〉0 = 〈Oˆi(τ1)Oˆj(τ2)〉0, the
quantum metric tensor g
(0)
ij (x) arises from the real part
3of Eq. (2):
g
(0)
ij (x) =
1
~2
0∫
−∞
dτ1
∞∫
0
dτ2
(
1
2
〈[Oˆi(τ1), Oˆj(τ2)]+〉0
− 〈Oˆi(τ1)〉0〈Oˆj(τ2)〉0
)
,
(4)
whereas the Berry curvature F
(0)
ij (x) corresponds to the
imaginary part:
F
(0)
ij (x) = −
1
i~2
0∫
−∞
dτ1
∞∫
0
dτ2〈[Oˆi(τ1), Oˆj(τ2)]−〉0 , (5)
where [·, ·]+ and [·, ·]− stand for the anticommutator and
the commutator, respectively.
III. CLASSICAL COUNTERPARTS OF THE
QUANTUM METRIC TENSOR AND THE
BERRY CURVATURE
The aim of this section is to derive the classical coun-
terparts of the quantum metric tensor (4) and the Berry
curvature (5) for classical integrable systems. Before pre-
senting the derivation, it is convenient to perform a Wick
rotation to real time, τ → it, and write the operators
Oˆi(t) in terms of the phase space operators, qˆ = {qˆa}
and pˆ = {pˆa}, as
Oˆi(t) = Oˆi(qˆ(t), pˆ(t);x) =
(
∂iHˆ(qˆ(t), pˆ(t);x)
)
qˆ(t),pˆ(t)
,
(6)
where Hˆ(qˆ(t), pˆ(t);x) is the Hamiltonian of the system
for the real time interval t ∈ (−∞, 0). Notice that we are
working in the Heisenberg representation. By integrating
the Heisenberg equations for the operators qˆ(t) and pˆ(t)
with the initial conditions qˆ(t = 0) = qˆ0 and pˆ(t = 0) =
pˆ0 where qˆ0 and pˆ0 are the usual position and momentum
operators (those in the Schrödinger representation), we
can express qˆ(t) and pˆ(t) in terms of qˆ0, pˆ0 and time.
This allows to define the operator
λˆi(t) := λˆi(t, qˆ0, pˆ0;x)=Oˆi(qˆ(t, qˆ0, pˆ0;x), pˆ(t, qˆ0, pˆ0;x);x) ,
(7)
and write the expectation values involved in Eqs. (4)
and (5) in the following alternative way:
〈Oˆi(t)〉0 = 〈ψ0(x)|λˆi(t)|ψ0(x)〉
=
∫
dq0 ψ
∗
0(q0;x)λi
(
t, q0,−i~ ∂
∂q0
;x
)
ψ0(q0;x) ,
(8a)
〈[Oˆi(t1), Oˆj(t2)]±〉0
= 〈ψ0(x)|[λˆi(t1), λˆj(t2)]±|ψ0(x)〉
=
∫
dq0 ψ
∗
0(q0;x)
×
[
λi
(
t1, q0,−i~ ∂
∂q0
;x
)
, λj
(
t2, q0,−i~ ∂
∂q0
;x
)]
±
ψ0(q0;x),
(8b)
where
∫
dq0 ≡
∏n
a=1
∫
dqa0 and ψ0(q0;x) ≡ 〈q0|ψ0(x)〉 is
the (normalized) wave function.
We begin the derivation by considering the semiclassi-
cal approximation to the wave function ψ0(q0;x) [40, 41]:
ψ0(q0;x) =
∑
α
a(α)(q0, I0;x)e
i
~
S(α)(q0,I0;x) , (9)
with
(
a(α)(q0, I;x)
)2
=
1
(2π)n
det
(
∂ϕ
(α)a
0
∂qb0
)
. (10)
Here, S(α)(q0, I0;x) is the multivalued generating func-
tion of the canonical transformation from (q0, p0) to the
(initial) action-angle variables (ϕ
(α)
0 , I0) with ϕ
(α)
0 =
{ϕ(α)a0 } and I0 ≡ I(t) = {Ia}, and α labels differ-
ent branches of S(α)(q0, I0;x). Plugging the wave func-
tion (9) into Eqs. (8a) and (8b), and bearing in mind
that terms corresponding to different branches α exhibit
a strongly oscillating behavior, we have, respectively,
〈Oˆi(t)〉0=
∫
dq0
(2π)n
∑
α
det
(
∂ϕ
(α)a
0
∂qb0
)
λi
(
t, q0,
∂S(α)
∂q0
;x
)
+O(~) ,
(11a)
〈[Oˆi(t1), Oˆj(t2)]±〉0
=
∫
dq0
(2π)n
∑
α
det
(
∂ϕ
(α)a
0
∂qb0
)
×
[
λi
(
t1, q0,
∂S(α)
∂q0
;x
)
, λj
(
t2, q0,
∂S(α)
∂q0
;x
)]
±
+O±(~) ,
(11b)
where O(~) and O±(~) denote terms at least linear in ~.
In the case of bosonic operators, we arrive at the classi-
cal limit by replacing ∂S
(α)
∂q0
by p
(α)
0 , the anticommutators
[ , ]+ by simple products, and the commutators [ , ]− by
the non-equal-time Poisson brackets i~{ , }
(q0,p
(α)
0 )
,
{f(t1), g(t2)}(q0,p(α)0 ) =
n∑
a=1
(
∂f(t1)
∂qa0
∂g(t2)
∂p
(α)
a0
− ∂f(t1)
∂p
(α)
a0
∂g(t2)
∂qa0
)
. (12)
To achieve the case with fermionic operators, we have to
replace the anticommutators by the corresponding Pois-
son brackets and the commutators by appropriate prod-
ucts. Restricting our derivation to the case of bosonic
4operators and treating O(~) and O±(~) as small com-
pared to the remaining terms in Eqs. (11a) and (11b),
the expectation values become
〈Oˆi(t)〉0 ≈
∫
dq0
(2π)n
∑
α
det
(
∂φ
(α)a
0
∂qb0
)
λi(t, q0, p
(α)
0 ;x) ,
(13a)
〈[Oˆi(t1), Oˆj(t2)]+〉0 ≈2
∫
dq0
(2π)n
∑
α
det
(
∂φ
(α)a
0
∂qb0
)
× λi(t1, q0, p(α)0 ;x)λj(t2, q0, p(α)0 ;x) ,
(13b)
〈[Oˆi(t1), Oˆj(t2)]−〉0
≈ i~
∫
dq0
(2π)n
∑
α
det
(
∂φ
(α)a
0
∂qb0
)
× {λi(t1, q0, p(α)0 ;x), λj(t2, q0, p(α)0 ;x)}(q0,p(α)0 ) .
(13c)
Next, we make ϕ
(α)
0 single-valued by choosing the
branch defined by 0 ≤ ϕ0 < 2π. This in turn makes p(α)0
single–valued, in which case the index α can be omitted.
Moreover, performing the change of variables q0 → ϕ0,
we have
〈Oˆi(t)〉0 ≈ 1
(2π)n
∮
dϕ0 λi(t) = 〈λi(t)〉 , (14a)
〈[Oˆi(t1), Oˆj(t2)]+〉0 ≈ 2
(2π)n
∮
dϕ0λi(t1)λj(t2)
= 2〈λi (t1)λj(t2)〉 , (14b)
〈[Oˆi(t1), Oˆj(t2)]−〉0 ≈ i~
(2π)n
∮
dϕ0{λi(t1), λj(t2)}(q0,p0)
= i~〈{λi (t1) , λj(t2)}(q0,p0)〉 , (14c)
where λi(t) := λi(t, q0, p0;x) and 〈f〉 = 1(2π)n
∮
dϕ0f ,
with
∮
dϕ0 ≡
∏n
a=1
∫ 2π
0 dϕ
a
0 , is the average of f(ϕ0, I;x)
over the angle variables ϕ0.
At this point, it is not difficult to realize that the clas-
sical functions λi(t, q0, p0;x) are given by
λi(t, q0, p0;x) = Oi(q(t, q0, p0;x), p(t, q0, p0;x);x) , (15)
where
Oi(t) = Oi(q(t), p(t);x)=(∂iH(q(t), p(t);x))q(t),p(t) ,
(16)
with H(q(t), p(t);x) being the classical analog of the op-
erator Hˆ(qˆ(t), pˆ(t);x), and the classical variables q(t) and
p(t) have been expressed in terms of q0 = q(t = 0),
p0 = p(t = 0) and time by solving the Hamilton equa-
tions of motion. Clearly, an alternative expression for
Oi(t) in terms of q(t) and q˙(t) is given by Eq. (1).
Substituting Eqs. (14a) and (14b) into Eq. (4) (after a
Wick rotation τ → it), we arrive at
g
(0)
ij (x) ≈
1
~2
gij(I;x) , (17)
where
gij(I;x)=−
0∫
−∞
dt1
∞∫
0
dt2 (〈λi(t1)λj(t2)〉 − 〈λi(t1)〉〈λj(t2)〉) ,
(18)
is the classical analog of the quantum metric tensor (4).
Since we have considered classical integrable systems,
this implies that Eq. (18) is an alternative expression
of the classical metric proposed in Ref. [28], and as such
provides a measure of the distance, on the parameter
space, between two points in phase space corresponding
to infinitesimally different parameters. The advantage of
the metric (18) over the metric introduced in Ref. [28] is
that it does not require for its calculation the knowledge
of the generating functions Gi(q, I;x) := −(∂iS(α))q,I ,
which are not always easy to determine. Notice that
Eq. (17) provides the semiclassical relation between the
quantum metric tensor and the classical metric, and its
validity is limited to the case of classical integrable sys-
tems. Furthermore, it should be pointed out that the
relation (17) does not hold in the presence of quantum
anomalies that may result from the particular form of
the operators λˆi(t), which in turn depend on the Hamil-
tonian. We will see this through examples. One way to
anticipate the presence of such quantum anomalies would
be the appearance of loop diagrams in the computation of
Eq. (4) [19]. Nevertheless, this issue requires further in-
vestigation and is beyond the scope of the present study.
Inserting Eq. (14c) into Eq. (5) (after a Wick rotation),
we obtain
F
(0)
ij (x) ≈
1
~
Fij(I;x) , (19)
where
Fij(I;x) =
0∫
−∞
dt1
∞∫
0
dt2 〈{λi(t1), λj(t2)}(q0,p0)〉 , (20)
is the classical analog of the Berry curvature (5). This
entails that Eq. (20) is actually the curvature of Han-
nay’s connection, and can be used to calculate the Han-
nay angle. On the other hand, Eq. (19) is precisely the
semiclassical relation between the Berry curvature and
Hannay’s curvature established by Berry in Ref. [24].
Note that while relation (19) for the curvatures in-
volves the factor 1/~, the analogous relation (17) for the
metrics involves the factor 1/~2. The origin of these dif-
ferent factors can be traced back to the fact that in the
5former case the replacement of the commutators by the
Poisson brackets introduces ~, while in the latter case the
corresponding replacement of the anticommutators does
not.
Finally, it can be checked that Eqs. (18) and (20) are
invariant under the (gauge) canonical transformation
ϕ′a0 = ϕ
a
0 +
∂λ(I;x)
∂Ia
, I ′a = Ia, (21)
where λ(I;x) is an arbitrary function of the actions I and
the parameters x. Note that, in the quantum setting,
this is analogous to the invariance of the quantum metric
tensor and the Berry curvature under a phase transfor-
mation.
IV. ILLUSTRATIVE EXAMPLES
A. Generalized harmonic oscillator
It is instructive to illustrate and corroborate the re-
sults of the previous section in a well-known example.
Let us take the generalized harmonic oscillator, which is
described by the classical Hamiltonian
H =
1
2
(
Xq2 + 2Y qp+ Zp2
)
, (22)
or by the Lagrangian
L =
1
2Z
(
q˙2 − 2Y qq˙ − ω2q2) , (23)
where x = {xi} = (X,Y, Z) (i, j, . . .= 1, 2, 3) are the adi-
abatic parameters and ω := (XZ −Y 2)1/2 is the angular
frequency of the system. The corresponding functions
Oi(t) obtained from either Eq. (22) or Eq. (23) are
O1(t) =
1
2
q2 , (24a)
O2(t) =
q
Z
(q˙ − Y q) = qp , (24b)
O3(t) =
1
2Z
(q˙ − Y q)2 = 1
2
p2 , (24c)
where p = 1Z (q˙ − Y q). Next, we need to express these
functions in terms of time t and the initial conditions
q0 = q(t = 0) and p0 = p(t = 0). With this in mind, we
write the solution for the variables (q, p) as follows:
q(t) = q0 cosωt+
1
ω
(Zp0 + Y q0) sinωt , (25a)
p(t) = p0 cosωt− 1
ω
(Y p0 +Xq0) sinωt . (25b)
Then, substituting (25a) and (25b) into (24a)–(24c), we
arrive at the functions λi(t):
λ1(t) =
1
2
[
q0 cosωt+
1
ω
(Zp0 + Y q0) sinωt
]2
, (26a)
λ2(t) =q0p0 cos
2 ωt− (Xq
2
0 − Zp20)
ω
cosωt sinωt
− (Xq0 + Y p0)(Y q0 + Zp0)
ω2
sin2 ωt , (26b)
λ3(t) =
1
2
[
p0 cosωt− 1
ω
(Y p0 +Xq0) sinωt
]2
. (26c)
Furthermore, the initial conditions (q0, p0) in terms of
the action-angle variables (ϕ0, I) read
q0 =
(
2ZI
ω
)1/2
sinϕ0 , (27a)
p0 =
(
2ZI
ω
)1/2(
−Y
Z
sinϕ0 +
ω
Z
cosϕ0
)
. (27b)
Having obtained the functions λi(t), we proceed
to calculate the classical metric (18). Substituting
Eqs. (27a) and (27b) into Eqs. (26a)–(26c) and defin-
ing Λij := 〈λi(t1)λj(t2)〉 − 〈λi(t1)〉〈λj(t2)〉 where 〈f〉 =
1
2π
∫ 2π
0 dϕ0f , the averages involved in Eq. (18) lead to
Λ11 =
Z2I2
8ω2
cos 2ωt12 , (28a)
Λ12 = −ZI
2
4ω2
(Y cos 2ωt12 − ω sin 2ωt12) , (28b)
Λ13 = − I
2
8ω2
[
(XZ − 2Y 2) cos 2ωt12 + 2Y ω sin 2ωt12
]
,
(28c)
Λ22 =
XZI2
2ω2
cos 2ωt12 , (28d)
Λ23 = −XI
2
4ω2
(Y cos 2ωt12 − ω sin 2ωt12) , (28e)
Λ33 =
X2I2
8ω2
cos 2ωt12 , (28f)
where t12 = t1 − t2. Inserting Eqs. (28a)–(28f) into
Eq. (18) and using
0∫
−∞
dt1
∞∫
0
dt2 cos 2ωt12 = − 1
4ω2
, (29a)
0∫
−∞
dt1
∞∫
0
dt2 sin 2ωt12 = 0 , (29b)
we find the classical metric gij(I;x):
gij(I;x) =
I2
32ω4

 Z2 −2Y Z 2Y 2 −XZ−2Y Z 4XZ −2XY
2Y 2 −XZ −2XY X2

 ,
(30)
6which is exactly the same as that obtained in Ref. [28] by
using the classical metric that involves generating func-
tions. This corroborates our claim above that Eq. (18)
yields the same results of the metric introduced in
Ref. [28]. We can also compare Eq. (30) with the quan-
tum metric tensor for the ground state obtained by using
Eq. (4) (we refer the reader to Ref [18] where the com-
putations are done):
g
(0)
ij (x) =
1
32ω4

 Z2 −2Y Z 2Y 2 −XZ−2Y Z 4XZ −2XY
2Y 2 −XZ −2XY X2

 .
(31)
Thus, both metrics (30) and (31) have the same param-
eter structure. Furthermore, by using the identification
I2 = ~2, it is readily seen that they satisfy the rela-
tion (17).
We now turn to the calculation of the curvature (20). It
follows from Eqs. (26a)–(26c) that the average of the non-
equal-time Poisson brackets among the functions λi(t)
with respect to the initial conditions (q0, p0) are
〈{λ1(t1), λ2(t2)}(q0,p0)〉 =
ZI
ω2
(ω cos 2ωt12 + Y sin 2ωt12) ,
(32a)
〈{λ1(t1), λ3(t2)}(q0,p0)〉 =−
I
2ω2
[2Y ω cos 2ωt12
+ (2Y 2 −XZ) sin 2ωt12] ,
(32b)
〈{λ2(t1), λ3(t2)}(q0,p0)〉 =
XI
ω2
(ω cos 2ωt12 + Y sin 2ωt12) .
(32c)
Then, plugging these expressions into Eq. (20) and using
Eqs. (29a) and (29b), we arrive at the components of the
classical curvature
F12(I;x) = − ZI
4ω3
, F13(I;x) =
Y I
4ω3
, F23(I;x) = −XI
4ω3
.
(33)
The components (33) are precisely those found in
Ref. [28] via the use of generating functions (see also
Ref. [24]). Furthermore, in the quantum case the compo-
nents of the Berry curvature for the ground state coming
from Eq. (5) are (see Ref [18]):
F
(0)
12 (x) = −
Z
8ω3
, F
(0)
13 (x) =
Y
8ω3
, F
(0)
23 (x) = −
X
8ω3
.
(34)
By comparing (33) and (34), and taking into account
the Bohr-Sommerfeld quantization rule for action vari-
able I = ~/2, it is direct to check that these curvatures
satisfy the relation (19).
Hence, in this example, besides showing the applica-
bility of Eqs. (18) and (20), we have verified that these
expressions yield the expected results for the classical
metric and curvature.
A final remark is that to make contact with the quan-
tum results, we have seen that different powers of the ac-
tion variable must be quantized differently. Actually, this
feature will appear in all our illustrative examples. The
reason is that the computation of the expectation values
in the quantum metric naturally incorporates loop dia-
grams [19], and since that is a purely quantum effect, we
must postulate a different quantization rule for superior
powers of I. In any case, if this empirical quantization
rule were not taken into account, the quantum and clas-
sical metrics would only differ by a global numeric factor,
although their parameter dependence would be identical.
B. Symmetric coupled harmonic oscillators
We now want to illustrate our approach by applying
it to a system with two degrees of freedom. Since many
physical models are based on coupled oscillators, we have
chosen as our second example the system consisting of
two coupled harmonic oscillators described by the Hamil-
tonian
H =
1
2
[
p21 + p
2
2 + k(q
2
1 + q
2
2) + k
′(q1 − q2)2
]
, (35)
where x = {xi} = (k, k′) (i, j, . . .= 1, 2) are the adiabatic
parameters. In particular, this system has been widely
used to clarify the physical basis of quantum entangle-
ment [31–33, 42] and gain some intuition towards circuit
complexity [35].
From Eq. (35), it is clear that the associated functions
Oi(t) are
O1(t) =
1
2
(q21 + q
2
2) , O2(t) =
1
2
(q1 − q2)2 . (36)
For our purposes, it is convenient to introduce the trans-
formation
Q1 =
1√
2
(q1 + q2) , Q2 =
1√
2
(q1 − q2) , (37a)
P1 =
1√
2
(p1 + p2) , P2 =
1√
2
(p1 − p2) , (37b)
which allows us to write the Hamiltonian (35) as H =
1
2 (P
2
1 + P
2
2 + ω
2
1Q
2
1 + ω
2
2Q
2
2) where
ω21 = k , ω
2
2 = k + 2k
′ , (38)
are the frequencies of the uncoupled oscillators. The new
coordinates as functions of time read
Qa(t) = Qa0 cosωat+
Pa0
ωa
sinωat , (a = 1, 2) ,(39)
where Qa0 = Qa(t = 0) and Pa0 = Pa(t = 0) are the
initial conditions. With this at hand, the functions λi(t),
in terms of Q0 = {Qa0}, P0 = {Pa0} and time, turn out
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λ1(t) =
1
2
[
P10
(
P10 sin
2 ω1t+ ω1Q10 sin 2ω1t
)
ω21
+
P20
(
P20 sin
2 ω2t+ ω2Q20 sin 2ω2t
)
ω22
+Q210 cos
2 ω1t+Q
2
20 cos
2 ω2t
]
, (40a)
λ2(t) =
(P20 sinω2t+ ω2Q20 cosω2t)
2
ω22
. (40b)
Furthermore, since the system is separable in the new
coordinates, we can easily write the initial conditions in
terms of the action-angle variables (ϕ0, I):
Qa0 =
(
2Ia
ωa
)1/2
sinϕa0 Pa0 = (2ωaIa)
1/2
cosϕa0 .(41)
We are now ready to compute the classical metric (18).
By plugging Eq. (41) into Eqs. (40a) and (40b) and
defining Λij := 〈λi(t1)λj(t2)〉 − 〈λi(t1)〉〈λj(t2)〉 where
〈f〉 = 1(2π)2
∫ 2π
0
dϕ10
∫ 2π
0
dϕ20 f , the averages appearing
in Eq. (18) become
Λ11 =
I21
8ω21
cos 2ω1t12 +
I22
8ω22
cos 2ω2t12 , (42a)
Λ12 =
I22
4ω22
cos 2ω2t12 , (42b)
Λ22 =
I22
2ω22
cos 2ω2t12 , (42c)
with t12 = t1 − t2. Inserting these expressions into
Eq. (18) and using Eq. (29a) (with ωa instead of ω), the
classical metric tensor gij(I;x) turns out to be
gij(I;x) =
1
32

 I21ω41 + I22ω42 2I22ω42
2I22
ω42
4I22
ω42

 , (43)
and its determinant is det[gij(I;x)] = I
2
1 I
2
2/256ω
4
1ω
4
2 6=
0. Notice that this metric can be expressed, in compact
form, as the sum of two terms corresponding to the two
uncoupled oscillators:
gij(I, x) =
∂iω1∂jω1
8ω21
I21 +
∂iω2∂jω2
8ω22
I22 . (44)
This decomposition is a feature of the system under con-
sideration and is not always possible for entangled sys-
tems, as we will see in the example given in the next sub-
section. On the other hand, we remark that each action
variable Ia in Eq. (44) is associated with an independent
mode of the system, not a particular (coupled) oscillator.
This means, since each normal mode involves both cou-
pled oscillators, that the classical metric (44) cannot not
be factored into single-particle terms, and hence it may
capture some properties of entanglement.
At this point, it is instructive to compare Eq. (43) with
the quantum metric tensor obtained from Eq. (4). With
this in mind, let us consider the following Hamiltonian
operator
Hˆ =
1
2
[
pˆ21 + pˆ
2
2 + k(qˆ
2
1 + qˆ
2
2) + k
′(qˆ1 − qˆ2)2
]
, (45)
for which the corresponding operators Oˆi(t) are
Oˆ1(t) =
1
2
(qˆ21 + qˆ
2
2) , Oˆ2(t) =
1
2
(qˆ1 − qˆ2)2 . (46)
Using a transformation analogous to (37a), these opera-
tors take the form
Oˆ1(t) =
1
2
(Qˆ21 + Qˆ
2
2), Oˆ2(t) = Qˆ
2
2 , (47)
where Qˆa(t) in terms of the annihilation and creation
operators, bˆa(t) and bˆ
†
a(t), read
Qˆa(t) =
√
~
2ωa
(
bˆa(t) + bˆ
†
a(t)
)
(a = 1, 2) , (48)
with the frequencies ω21 = k and ω
2
2 = k + 2k
′.
Defining βij := 〈Oˆi(t1)Oˆj(t2)〉0−〈Oˆi(t1)〉0〈Oˆj(t2)〉0 and
using Eq. (47) together with Eq. (48), the expectation
values in Eq. (4) turn out to be
β11 =
~
2
8ω21
e−2iω1t12 +
~
2
8ω22
e−2iω2t12 , (49a)
β12 =
~
2
4ω22
e−2iω2t12 , (49b)
β22 =
~
2
2ω22
e−2iω2t12 . (49c)
Thus, plugging these results into Eq. (4) and integrating,
we find the quantum metric tensor
g
(0)
ij (x) =
1
32
(
1
ω41
+ 1
ω42
2
ω42
2
ω42
4
ω42
)
, (50)
which has a nonvanishing determinant, det[g
(0)
ij (x)] =
1/256ω41ω
4
2 .
By comparing Eqs. (43) and (50), it is straightforward
to see that both metrics have exactly the same depen-
dence on the parameters of the system. Furthermore,
with the identifications I21 = I
2
2 = ~
2, it is not hard to
verify that they satisfy the relation (17).
Let us now compute the classical curvature (20). From
Eqs. (40a) and (40b), the average over the angle variables
of the non-equal-time Poisson Brackets among λ1(t1) and
λ2(t2) with respect to (Q0, P0) gives
〈{λ1(t1), λ2(t2)}(Q0,P0)〉 = −
I2
ω22
sin 2ω2t12 , (51)
which, together with (29b) (with ω2 instead of ω), implies
that the classical curvature (20) vanishes, F12(I;x) = 0.
8In the quantum case, the quantum geometric tensor
turns out to be purely real, from which it follows that the
Berry curvature (5) vanishes, F
(0)
12 (x) = 0. Therefore, the
classical and quantum curvatures lead to the same result.
We see from this example that all the information con-
tained in the parameter space of the quantum system is
encoded in the parameter space of the associated clas-
sical system. This is a non-trivial result and suggests,
motivated by the geometric characterization of quantum
entanglement by using the Fubini-Study metric [43, 44],
that the classical metric might also carry information
about entanglement. This contrasts with the common
idea that entanglement is a quantum phenomenon that
is absent in classical systems.
C. Linearly coupled harmonic oscillators
We now turn to an example where the semiclassical
relation (17) is not satisfied. Consider the case of two
coupled harmonic oscillators described by the Hamilto-
nian
H =
1
2
(
p21 + p
2
2 +Aq
2
1 +Bq
2
2 + Cq1q2
)
, (52)
where x = {xi} = (A,B,C) (i, j, . . .= 1, 2, 3) are the adi-
abatic parameters, which are assumed to satisfy A 6= B.
This system has also been extensively studied in the con-
text of quantum entanglement [36–38]. For instance, it
has been shown that for certain parameters it exhibits a
very large quantum entanglement [38]. It is worth not-
ing that the Hamiltonian (35) is not a particular case of
Eq. (52), and hence the results of the preceding action
cannot be obtained from the results presented below.
From (52), it is straightforward to see that the func-
tions Oi(t) are
O1(t) =
1
2
q21 , O2(t) =
1
2
q22 , O3(t) =
1
2
q1q2 . (53)
To better deal with these functions, let us consider the
transformation
(Q1, Q2) = (q1 cosα− q2 sinα, q1 sinα+ q2 cosα) ,
(54a)
(P1, P2) = (p1 cosα− p2 sinα, p1 sinα+ p2 cosα) ,
(54b)
where tanα = ǫ|ǫ|
√
ǫ2 + 1 − ǫ with ǫ = B−AC . Note that
tanα ∈ (−1, 1), and then α ∈ (−π/4, π/4). Using this
transformation, the Hamiltonian (52) is diagonalized as
H = 12 (P
2
1 +P
2
2 +ω
2
1Q
2
1+ω
2
2Q
2
2) where ω
2
1 = A− C2 tanα
and ω22 = B +
C
2 tanα are the angular frequencies of
the uncoupled harmonic oscillators. Furthermore, the
functions Oi in (53) take the form
Oi(Q,P ;x) = ω1Q
2
1∂iω1 + ω2Q
2
2∂iω2 + (ω
2
2 − ω21)Q1Q2∂iα .
(55)
Now, for the new coordinates we have
Qa(t) = Qa0 cosωat+
Pa0
ωa
sinωat , (a = 1, 2) , (56)
where the initial conditions Qa0 = Qa(t = 0) and Pa0 =
Pa(t = 0) in terms of the action-angle variables (ϕ0, I)
are
Qa0 =
(
2Ia
ωa
)1/2
sinϕa0 , Pa0 = (2ωaIa)
1/2
cosϕa0 .(57)
We can readily obtain the functions λi(t) in terms of
Q0 = {Qa0}, P0 = {Pa0} and time by plugging Eq. (56)
into Eq. (55), so we do not write them here.
We now proceed to calculate the classical metric (18).
Using 〈f〉 = 1(2π)2
∫ 2π
0 dϕ10
∫ 2π
0 dϕ20 f and the resulting
functions λi(t), the averages that appear in Eq. (18) are
〈λi(t1)λj(t2)〉 − 〈λi(t1)〉〈λj(t2)〉
=
1
2
∂iω1∂jω1I1 cos 2ω1t12 +
1
2
∂iω2∂jω2I2 cos 2ω2t12
+ ∂iα∂jα
(
ω21 − ω22
)2 I1I2
ω1ω2
cosω1t12 cosω2t12 ,
(58)
where t12 = t1−t2. Substituting (58) into (18) and taking
into account (29a) (with ωa instead of ω) together with
0∫
−∞
dt1
∞∫
0
dt2 cosω1t12 cosω2t12 = − ω
2
1 + ω
2
2
(ω21 − ω22)2
, (59)
we obtain the classical metric
gij(I, x) =
∂iω1∂jω1
8ω21
I21 +
∂iω2∂jω2
8ω22
I22
+ ∂iα∂jα
(
ω1
ω2
+
ω2
ω1
)
I1I2 . (60)
Notice that, as compared with Eq. (44), this metric has
the extra term proportional to the product I1I2 and, be-
cause of that, it cannot be separated in terms correspond-
ing to the two uncoupled oscillators. Explicitly, the met-
ric (60) reads
gij(I, x)=
1
32
[
I21
ω41
Mij+
I22
ω42
Nij+
(
ω1
ω2
+
ω2
ω1
)
8I1I2
(ω22 − ω21)2
Lij
]
,
(61)
where
Mij =
1
4

 (1 + µ)2 ν2 −(1 + µ)νν2 (1− µ)2 −(1− µ)ν
−(1 + µ)ν −(1− µ)ν ν2

 , (62)
Nij =
1
4

(1 − µ)2 ν2 (1− µ)νν2 (1 + µ)2 (1 + µ)ν
(1− µ)ν (1 + µ)ν ν2

 , (63)
9Lij =

 ν2 −ν2 νµ−ν2 ν2 −νµ
νµ −νµ µ2

 , (64)
with µ := cos 2α = ǫ√
ǫ2+1
and ν := sin 2α = 1√
ǫ2+1
.
It is worth noting that this metric has a nonvanishing
determinant, det[gij(I;x)] = (ω
2
1 + ω
2
2)I
3
1 I
3
2/4096(ω
2
1 −
ω22)
2ω51ω
5
2 6= 0.
It is interesting to contrast the classical metric (60)
with that coming from the quantum metric tensor (4).
In the quantum setting, the Hamiltonian operator of the
system reads
Hˆ =
1
2
(
pˆ21 + pˆ
2
2 +Aqˆ
2
1 +Bqˆ
2
2 + Cqˆ1qˆ2
)
, (65)
and the quantum operators Oˆi(t) are
Oˆ1(t) =
1
2
qˆ21 , Oˆ2(t) =
1
2
qˆ22 , Oˆ3(t) =
1
2
qˆ1qˆ2 . (66)
By following a procedure analogous to that used for
Eq. (55), these operators can be written as
Oˆi(t) = ω1Qˆ
2
1∂iω1 + ω2Qˆ
2
2∂iω2 −
(
ω21 − ω22
)
Qˆ1Qˆ2∂iα ,
(67)
where the operators Qˆa(t) in terms of the creation and
annihilation operators are given by Eq. (48), but with
the frequencies ω21 = A− C2 tanα and ω22 = B+ C2 tanα.
Using Eq. (67) together with Eq. (48), we compute the
expectation values appearing in Eq. (4), obtaining
〈Oˆi(t1)Oˆj(t2)〉0 − 〈Oˆi(t1)〉0〈Oˆj(t2)〉0
= ~2
[
∂iω1∂jω1
2
e−2iω1t12
+
∂iω2∂jω2
2
e−2iω2t12 + ∂iα∂jα
(
ω21 − ω22
)2
4ω1ω2
e−i(ω1+ω2)t12
]
.
(68)
Then, substituting this result into Eq. (4) and integrat-
ing, we arrive at
g
(0)
ij (x) =
∂iω1∂jω1
8ω21
+
∂iω2∂jω2
8ω22
+ ∂iα∂jα
[
1
4
(
ω1
ω2
+
ω2
ω1
)
− 1
2
]
. (69)
By using the Bohr-Sommerfeld quantization rule I1 =
I2 = ~/2 and the identifications I
2
1 = I
2
2 = ~
2, we find
that the metrics (60) and (69) satisfy the relation
g
(0)
ij (x) =
1
~2
gij(I;x)− 1
2
∂iα∂jα , (70)
instead of the relation (17). Note that the second term in
Eq. (70) depends on the parameters of the system, and
hence in this case the classical metric (18) does not yield
the full parameter structure of the quantum metric ten-
sor (4). The second term in Eq. (70) is a consequence of
a quantum anomaly [45], that arises due to the ordering
of the operators in the following expectation values:
〈Qˆ1Pˆ2Qˆ2Pˆ1〉0 + 〈Qˆ2Pˆ1Qˆ1Pˆ2〉0 = ~
2
2
, (71)
whose classical counterparts are zero:
〈Q1P2Q2P1〉+ 〈Q2P1Q1P2〉 = 0 . (72)
Now, we shall compute the classical curvature (20).
Using the corresponding functions λi(t), the average with
respect to the angle variables of the non-equal-time Pois-
son Brackets in Eq. (20) gives
〈{λi(t1),λj(t2)}(Q0,P0)〉
= −I1 cosω1t12
[
4∂iω1∂jω1 sinω1t12
+ ∂iα∂jα
(ω21 − ω22)2
ω1ω2
sinω2t12
]
− I2 cosω2t12
[
4∂iω2∂jω2 sinω2t12
+ ∂iα∂jα
(ω21 − ω22)2
ω1ω2
sinω1t12
]
. (73)
Then, substituting Eq. (58) into Eq. (20) and using
0∫
−∞
dt1
∞∫
0
dt2 cosωat12 sinωbt12 = 0, (74)
we finally obtain that the classical curvature vanishes,
Fij(I;x) = 0.
In the quantum case, the quantum geometric tensor (2)
is purely real and hence the Berry curvature (5) is zero,
F
(0)
ij (x) = 0. Consequently, the classical and quantum
curvatures are in complete agreement.
To conclude this example, we may point out that the
resulting classical metric accounts for almost the entire
parameter structure of the quantum metric tensor. Then
here, as in the example of the linearly coupled harmonic
oscillator, the parameter space of the associated classical
system could in principle be employed to obtain informa-
tion, or at least preliminary information, about quantum
entanglement.
D. Singular Euclidean oscillator
Here we consider the model of a singular oscillator on
the two-dimensional Euclidean space, whose Hamiltonian
is given by
H =
p2
2
+
α2
2r2
+
ω2r2
2
, (75)
with x = {xi} = (ω, α) (i, j, . . . = 1, 2) the adiabatic
parameters. This system is also known in the literature
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with the name of “isotonic oscillator”, and is of special
interest since it shares some properties with harmonic
oscillator. Furthermore, it is has been investigated in
supersymmetric quantum mechanics [46] and quantum
rings (semiconductor ring-shaped systems) [39]. It should
also be pointed out that the non-adiabatic Berry phase
of this system was calculated in Ref. [47] and its non-
adiabatic Hannay angle in Ref. [48].
In polar coordinates, this Hamiltonian reads
H =
p2r
2
+
p2θ + α
2
2r2
+
ω2r2
2
, (76)
where the angular momentum pθ is a constant of motion.
To have orbits with a fixed energy E we assume E >
ω
√
p2θ + α
2. The functions Oi(t) for this system are
O1(t) = ωr
2 , O2(t) =
α
r2
. (77)
To obtain the functions λi(t), it is convenient at this point
to introduce the action-angle variables. For the singular
Euclidean oscillator, these variables are well known and
read (see, for example, Ref. [39]):
Iθ = pθ , (78a)
Ir =
E
2ω
− p˜θ
2
, (78b)
φθ = θ − pθ
2p˜θ
arcsin
(p˜θ + ωr
2)
√
2Er2 − p˜2θ − ω2r4
(E + ωp˜θ)r2
,
(78c)
φr = − arcsin E − ω
2r2√
E2 − ω2p˜2θ
, (78d)
where p˜θ =
√
p2θ + α
2. Notice that the energy in terms
of action variables can be written as
E = ω
(
2Ir +
√
I2θ + α
2
)
. (79)
Now, solving Eq. (78d) for r and writing φr = ωrt− β
where ωr = ∂E/∂Ir = 2ω and β is a constant, we have
r(t) =
[
E +
√
E2 − ω2p˜2θ sin(2ωt− β)
]1/2
ω
, (80)
from which it follows that
pr(t) = r˙ =
√
E2 − ω2p˜2θ cos(2ωt− β)[
E +
√
E2 − ω2p˜2θ sin(2ωt− β)
]1/2 . (81)
It remains to express β in terms of the initial conditions.
By setting r0 = r(t = 0) and pr0 = pr(t = 0), we get
cosβ =
ωr0pr0√
E2 − ω2p˜2θ
, sinβ =
E − ω2r20√
E2 − ω2p˜2θ
. (82)
Thus, substituting (80) with (82) into (77), we find the
functions λi(t):
λ1(t) =
E + ωr0pr0 sin 2ωt− (E − ω2r20) cos 2ωt
ω
,
(83a)
λ2(t) =
αω2
E + ωr0pr0 sin 2ωt− (E − ω2r20) cos 2ωt
.
(83b)
Furthermore, the initial conditions, r0 and pr0, in terms
of initial action-angle variables, φr0 = φr(t = 0) and
Ir(≡ Ir(t = 0)), are
r0 =
1
ω
(
E +
√
E2 − ω2p˜2θ sinφr0
)1/2
, (84a)
pr0 =
√
E2 − ω2p˜2θ cosφr0(
E +
√
E2 − ω2p˜2θ sinφr0
)1/2 , (84b)
where p˜θ =
√
I2θ + α
2 and E is given by Eq. (79). Then,
using these expressions, Eqs. (83a) and (83b) become
λ1(t) =
E
ω
[1 + a sin(φr0 + 2ωt)] , (85a)
λ2(t) =
αω2
E [1 + a sin(φr0 + 2ωt)]
, (85b)
where a =
√
1− ω2p˜2θ/E2 with 0 < a < 1.
We are now in a position to compute the classical
metric (18). Using Eqs. (85a) and (85b) and defin-
ing Λij := 〈λi(t1)λj(t2)〉 − 〈λi(t1)〉〈λj(t2)〉 where 〈f〉 =
1
2π
∫ 2π
0 dφr0f , we find
Λ11 =
(E2 − ω2p˜2θ)
2ω2
cos 2ωt12 , (86a)
Λ12 = − α
p˜θ
(E − ωp˜θ) cos 2ωt12 , (86b)
Λ22 =
α2ω3
Ep˜θ(1 − a2 cos2 ωt12) −
α2ω2
p˜2θ
, (86c)
with t12 = t1 − t2. The components g11 and g12 of
the classical metric are then obtained by substituting
Eqs. (86a) and (86b), respectively, into Eq. (18), and
using (29a). By doing so, we obtain
g11(I;x) =
I2r + Ir
√
I2θ + α
2
2ω2
, (87)
g12(I;x) =
−αIr
2ω
√
I2θ + α
2
. (88)
The component g22 follows by substituting Eq. (86c)
into Eq. (18). After some algebra, we get
g22(I;x) =
α2ω2
p˜2θ
0∫
−∞
dt1
∞∫
0
dt2
[
1−
√
1− a2
1− a2 cos2 ωt12
]
.
(89)
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To deal with this integral, let us consider the Fourier
expansion of the function f(T ) ≡ 11−a2 cos2 ωT ,
f(T ) =
c0
2
+
∞∑
n=1
cn cos 2nωT , (90)
where
cn =
2ω
π
π/ω∫
0
dT
cos 2nωT
1− a2 cos2 ωT . (91)
By plugging (90) with T ≡ t12 into Eq. (89) and using
Eq. (29a), we arrive at
g22(I;x) = −α
2ω2
p˜2θ
√
1− a2
∞∑
n=1
cn
0∫
−∞
dt1
∞∫
0
dt2 cos 2nωt12
=
α2ω2
2πp˜θE
π/ω∫
0
dT
1
1− a2 cos2 ωT
∞∑
n=1
cos 2nωT
n2
=
α2ω2
2p˜θE
π/ω∫
0
dT
(
π
6 − ωT + ω
2T 2
π
)
1− a2 cos2 ωT , (92)
where in the last line we have used the series represen-
tation of the quadratic Bernoulli polynomial, B2(z) =
z2 − z + 16 = 1π2
∑∞
n=1
cos 2nπz
n2 , 0 ≤ z ≤ 1. After solv-
ing the integrals above, the expression for the component
g22 is:
g22(I;x) =
α2
2p˜2θ
Li2
(
Ir
Ir + p˜θ
)
, (93)
where Li2(z) is the dilogarithm function. With these re-
sults at hand, it is straightforward to show that the de-
terminant of the classical metric is
det[gij(I;x)] =
α2I2r
4ω2p˜2θ
[(
1 +
p˜θ
Ir
)
Li2
(
Ir
Ir + p˜θ
)
− 1
]
.
(94)
We want now to compare the components of the clas-
sical metric with those coming from the quantum metric
tensor. However, in this case, instead of using the Eq. (4),
we use the following expression for the quantum metric
tensor [7]:
g
(0)
ij (x) = Re (〈∂iψ0|∂jψ0〉 − 〈∂iψ0|ψ0〉〈ψ0|∂jψ0〉) , (95)
where |ψ0〉 is the ground eigenstate. For the singular
Euclidean oscillator, the Schrödinger equation is
∂2ψ
∂r2
+
1
r
∂ψ
∂r
+
1
r2
∂2ψ
∂θ2
+
2
~2
[
E −
(
α2
2r2
+
ω2r2
2
)]
ψ = 0 ,
(96)
and the associated (normalized) wave function of the
ground-state is
ψ0(r, θ) =
√
ω
παΓ
(
α
~
) (ω
~
) α
2~
r
α
~ e−
ω
2~ r
2
, (97)
where Γ(z) is the gamma function. Furthermore, the
ground state energy is given by E0 = (α+ ~)ω.
Plugging Eq. (97) into Eq. (95), we arrive at the fol-
lowing components for the quantum metric tensor:
g
(0)
11 (x) =
α+ ~
4~ω2
, (98)
g
(0)
12 (x) = −
1
4~ω
, (99)
g
(0)
22 (x) =
ψ1(1 +
α
~
)
4~2
, (100)
where ψ1(z) :=
d2
dz2 ln Γ(z) is the trigamma function.
Note that for any α, this metric has a nonvanishing de-
terminant
det[g
(0)
ij (x)] =
(
1 + α
~
)
ψ1
(
1 + α
~
)− 1
16~2ω2
. (101)
By comparing g11(I;x) with g
(0)
11 (x) as well as g12(I;x)
with g
(0)
12 (x), it is readily seen that these components
are related through Eq.(17), provided that the following
identifications hold: Ir = ~/2, I
2
r = ~
2/2, and Iθ = 0.
Now, the expansion of g22(I;x) up to second order in Ir
together with the use of these identifications gives
g22(Ir , Iθ = 0;x) =
~
4α
− 3~
2
16α2
, (102)
while the expansion of ~2g
(0)
22 (x) up to second order in ~
leads to
~
2g
(0)
22 (x) =
~
4α
− ~
2
8α2
. (103)
Then, by comparing Eq. (102) with Eq. (103), it follows
that g22(I;x) and g
(0)
22 (x) satisfy the relation (17) (with
the associated identifications) only when we retain terms
to first order in ~. The discrepancy in terms of order
two (or higher) in ~ may be a consequence of the fact
that the quantum metric tensor takes into account loop
integrals, whereas the classical metric does not. It is also
worth comparing the determinants of these metrics. Us-
ing the previous identifications and Eq. (102), the deter-
minant of the classical metric correct to third order in ~ is
det[gij(I;x)] = ~
3/64αω2, whereas the analogous expres-
sion for quantum metric is ~4 det[g
(0)
ij (x)] = ~
3/32αω2.
This shows that both determinants agree up to the sec-
ond order in ~.
We conclude this example by computing the classi-
cal and quantum curvatures. The expression (20) for
the classical curvature requires the evaluation of the
non-equal-time Poisson bracket {λ1(t1), λ2(t2)}(r0,pr0).
However, on account of the canonical invariance of the
bracket, we can use φr0 and Ir instead of r0 and pr0.
Taking advantage of this and using (85a) and (85b), we
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have
{λ1(t1), λ2(t2)}φr0,Ir
=
∂λ1(t1)
∂φr0
∂λ2(t2)
∂Ir
− ∂λ1(t1)
∂Ir
∂λ2(t2)
∂φr0
=
4αω2 sinωt12
E
{
cosωt12 + a sin[ω(t1 + t2) + φr0]
[1 + a sin(2ωt2 + φr0)]
2
}
.
(104)
Here, we omitted the derivatives with respect to φθ0 =
φθ(0), since λi(t) do not depend on it. The average of
Eq. (104) yields
〈{λ1(t1), λ2(t2)}φr0,Ir 〉 =
2αω
p˜θ
sin 2ωt12 . (105)
Thus, plugging this expression into Eq. (20) and bearing
in mind Eq. (29b), we find that the classical curvature
vanishes, F12(I, x) = 0. On the quantum side, by writing
the Berry curvature as
F
(0)
ij (x) = −Im (〈∂iψ0|∂jψ0〉 − 〈∂jψ0|∂iψ0〉) , (106)
and recalling that ψ0(r, θ) is a real wave function, it is
straightforward to see that F
(0)
12 (x) = 0. Therefore, the
classical and quantum curvatures are in complete agree-
ment.
E. Spin-half in a magnetic field
In our final example, we would like to show how our ap-
proach can also be applied to deal with a classical system
corresponding to a quantum system with fermions. To
this end, we choose the system of a particle with spin 1/2
in a magnetic field B = (B1, B2, B3). The Hamiltonian
reads
Hˆ =
1
2
µσ ·B , (107)
where σ = (σ1, σ2, σ3) is a three-vector of Pauli matrices
and x = {xi} = (B1, B2, B3) (i, j, . . .= 1, 2, 3) are adia-
batic parameters. This system was used by Berry [1] with
the purpose of illustrating the existence of the geomet-
rical phase, while its classical counterpart was addressed
by Gozzi et al. [29, 30], who calculated the correspond-
ing Hannay angle. Recently, experimental measurements
of the quantum metric tensor and the full quantum geo-
metric tensor in two-level systems described by Eq. (107)
were reported in Refs. [49] and [50], respectively (see also
[51, 52]).
Following Ref. [30], we introduce two complex Grass-
mann variables {ψa} (a, b, . . . = 1, 2) satisfying ψaψb +
ψbψa = 0, and write the Hamiltonian of the classical as-
sociated model as
H = ψ†M(B)ψ , (108)
where ψ = (ψ1, ψ2)
T is a Grassmann vector and
M(B) :=
3∑
i=1
Biσi =
(
B3 B1 − iB2
B1 + iB2 −B3
)
, (109)
is a parameter-dependent Hermitian matrix.
From Eq. (108), it is direct to see that the functions
Oi(t) are given by
Oi(t) =
(
∂H
∂Bi
)
ψ†,ψ
= ψ†(t)σiψ(t) . (110)
Next, we need to obtain the functions λi(t). However, to
do this, it is necessary first to write Eq. (110) in terms
of normal modes ψ˜. Let us consider the transformation
ψ = Uψ˜ , (111)
where U is a parameter-dependent unitary matrix given
by
U =
( B1−iB2√
2B(B−B3)
B1−iB2√
2B(B+B3)√
B−B3√
2B
−
√
B+B3√
2B
)
, (112)
and such that
M˜ = U †MU =
(
Ω1 0
0 Ω2
)
=
(
B 0
0 −B
)
, (113)
with B = (B21 + B
2
2 + B
2
3)
1/2. In terms of the new vari-
ables ψ˜a and their corresponding momenta Π˜a = iψ˜
∗
a, the
Hamiltonian is diagonalized as H = Ω1ψ˜
∗
1ψ˜1 + Ω2ψ˜
∗
2ψ˜2
and the functions Oi(t) take the form
Oi(t) = ψ˜
†(t)σ˜iψ˜(t), (114)
where we have defined the matrices σ˜i := U
†σiU , which
can be written as
σ˜1 =

 B1B −B1B3+iB2BB√B21+B22−B1B3−iB2B
B
√
B21+B
2
2
−B1B

 ,
σ˜2 =

 B2B −B2B3−iB1BB√B21+B22
−B2B3+iB1B
B
√
B21+B
2
2
−B2B

 ,
σ˜3 =

 B3B
√
B21+B
2
2
B√
B21+B
2
2
B −B3B

 .
(115)
Now, defining the Poisson brackets with respect to the
variables (ψ˜a, Π˜a) as
{f, g}(ψ˜,ψ˜†) = i
2∑
a=1

f
←
∂
∂ψ˜∗a
→
∂
∂ψ˜a
g + f
←
∂
∂ψ˜a
→
∂
∂ψ˜∗a
g

 ,
(116)
where
←
∂ and
→
∂ denote the right and left derivatives, the
equations of motion turn out to be
˙˜
ψa = {H, ψ˜a}(ψ˜,ψ˜†) =
13
−iΩaψ˜a and ˙˜ψ∗a = {H, ψ˜∗a}(ψ˜,ψ˜†) = iΩaψ˜∗a, and have the
solutions
ψ˜a(t) = ψ˜a0e
−iΩat, ψ˜∗a(t) = ψ˜
∗
a0e
iΩat , (117)
where ψ˜a0 = ψ˜a(t = 0). Consequently, the action-angle
variables (φa, Ia) are given by
Ia =
1
2π
∮
dtΠ˜a
˙˜ψa = ψ˜
∗
a0ψ˜a0, φa = Ωat+ φa0 , (118)
with φa0 = φa(t = 0), which allows us to cast the Hamil-
tonian into the formH = Ω1I1+Ω2I2. Hence, the normal
modes in terms of initial variables and time read
ψ˜a(t) = ψ˜a0e
−iφa0e−iΩat . (119)
Inserting Eq. (119) into Eq. (114), we arrive at
λi(t) =
∑
a,b
ψ˜∗a0ψ˜b0e
i(Ωa−Ωb)tei(φa0−φb0)σ˜iab , (120)
where σ˜iab are the components of the matrices (115).
Now we have all the ingredients we need to compute
the classical metric. Considering that the only depen-
dence on φa0 in Eq. (120) is through e
i(φa0−φb0) and using
〈f〉 = 1(2π)2
∫ 2π
0 dφ10
∫ 2π
0 dφ20 f for the average over the
fast variables, we obtain
〈λi(t1)λj(t2)〉 − 〈λi(t1)〉〈λj(t2)〉
= −I1I2
(
e2iBt12 σ˜i12σ˜j21 + e
−2iBt12 σ˜i21σ˜j12
)
, (121)
where t12 = t1 − t2, and we have used 〈ei(φa0−φb0)〉 =
δab and 〈ei(φa0−φb0+φc0−φd0)〉 = δabδcd + δa1δb2δc2δd1 +
δa2δb1δc1δd2. Then, plugging Eq. (121) into Eq. (18) and
integrating, we arrive at the classical metric
gij(I;x) = −I1I2
4B2
(σ˜i12σ˜j21 + σ˜i21σ˜j12) , (122)
which can be written in matrix form as
gij(I;x) = −I1I2
2B4

B22 +B23 −B1B2 −B1B3−B1B2 B21 +B23 −B2B3
−B1B3 −B2B3 B21 +B22

 .
(123)
Notice that this metric can be simplified considerably if
we perform a simple change of coordinates. Writing the
magnetic field in spherical coordinates as (B1, B2, B3) =
B(sin θ cosϕ, sin θ sinϕ, cos θ), choosing y = {yi} =
(B, θ, ϕ) as the adiabatic parameters, and recalling that
gij(I;x) transforms as a tensor [28], this classical metric
takes the form
g′ij(I; y) = −
I1I2
2

0 0 00 1 0
0 0 sin2 θ

 . (124)
As it is customary, at this stage we compare the clas-
sical metric with its quantum counterpart. In the quan-
tum setting, a spin 1/2 particle is a system described by a
two-dimensional Hilbert space spanned by the eigenstates
with spin projections +1/2 and −1/2, which means that
in this case we have two quantum metric tensors, namely
g′(+)ij (y) and g
′(−)
ij (y). Such metrics are well–known in
the literature [8, 53], and are given by
g′(+)ij (y) = g
′(−)
ij (y) =
1
4

0 0 00 1 0
0 0 sin2 θ

 , (125)
where y = {yi} = (B, θ, ϕ) are the adiabatic parameters.
By comparing Eqs. (124) and (125), we can see that
the metrics are related as follows:
g′(±)ij (y) = −
1
2I1I2
g′ij(I;x) . (126)
Therefore, the whole parameter structure of the quantum
metric tensors is captured by the classical metric, modulo
an appropriate quantization rule for the action variables.
On the other hand, it is worth noting that these met-
rics have vanishing determinants and rank two, which
implies that one of the parameters is redundant and can
be treated as a constant. If, for instance, instead of tak-
ing y = {yi} = (B, θ, ϕ) as the adiabatic parameters, we
say that z = {zi′} = (θ, ϕ) (i′, j′, . . .= 1, 2) are the adia-
batic parameters and consider that B is a nonvanishing
constant, then resulting classical metric is
gi′j′ (I; z) = −I1I2
2
(
1 0
0 sin2 θ
)
, (127)
which has a nonzero determinant. By the way, gi′j′(I; z)
is–up to a minus sign–the standard metric on the surface
of a sphere with radius R = (I1I2/2)
1/2.
We now turn to the calculation of the classical cur-
vature. The non-equal-time Poisson brackets between
λi(t1) and λj(t2), with respect to the initial variables
(ψ˜a0, Π˜a0), yields
{λi(t1), λj(t2)}ψ0,ψ†0
= i
∑
a

λi(t1)
←
∂
∂ψ˜∗a0
→
∂
∂ψ˜a0
λj(t2)+λi(t1)
←
∂
∂ψ˜a0
→
∂
∂ψ˜∗a0
λj(t2)


= i
∑
a,b,c
ψ˜∗b0ψ˜c0
{
−ei[(Ωa−Ωc)t1+(Ωb−Ωa)t2]σ˜iacσ˜jba
+ ei[(Ωb−Ωa)t1+(Ωa−Ωc)t2]σ˜ibaσ˜jac
}
ei(φb0−φc0) .
(128)
Taking the average over the fast variables of Eq. (128),
we obtain
〈{λi(t1), λj(t2)}ψ0,ψ†0 〉
= i
∑
a,b
Ib
[
−ei(Ωa−Ωb)t12 σ˜iabσ˜jba + e−i(Ωa−Ωb)t12 σ˜ibaσ˜jab
]
= i(I1 − I2)
[
ei(Ω1−Ω2)t12 σ˜i12σ˜j21 − e−i(Ω1−Ω2)t12 σ˜i21σ˜j12
]
.
(129)
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Finally, plugging Eq. (129) into Eq. (20) and integrating,
we arrive at the classical curvature
Fij(I;x) =
i(I1 − I2)
4B2
(σ˜i21σ˜j12 − σ˜i12σ˜j21) , (130)
which can be written as
F12(I;x) =
(I1 − I2)
2B3
B3 , F23(I;x) =
(I1 − I2)
2B3
B1 ,
F31(I;x) =
(I1 − I2)
2B3
B2 . (131)
These components are precisely the same as those ob-
tained in Ref. [29], using the standard expression for the
curvature of the Hannay connection. It is worth noting
that, in spherical coordinates y = {yi} = (B, θ, ϕ), the
only nonvanishing component is
F23(I; y) =
(I1 − I2)
2
sin θ. (132)
In the quantum setting, the system has two Berry
curvatures, F
(+)
i,j (y) and F
(−)
i,j (y), which are also well–
known [1, 53], and have the non-zero components
F
(+)
23 (y) = −F (−)23 (y) = − sin θ . (133)
By comparing Eqs. (132) and (133), it is straightforward
to see that the relationship between the classical and
quantum curvatures is
F
(+)
ij (y) = −F (−)ij (y) = −
2
(I1 − I2)Fij(I; y). (134)
In this way, we have seen in this example that our ex-
pressions for the classical metric and curvature in the
parameters space, namely Eqs. (18) and (20), can be
applied not only to typical integrable systems but also
to Grassmannian models corresponding to quantum sys-
tems with fermions, leading to the expected results. It
should be pointed out that this is the first time that the
classical analog of the quantum metric tensor has been
determined for a system involving fermions. In this sense,
this example serves as a warm-up for more realistic sys-
tems.
V. CONCLUSIONS
We have introduced new expressions for the curvature
of the Hannay connection and the metric proposed in
Ref. [28], which are the classical counterparts of the Berry
curvature and the quantum metric tensor, respectively.
Furthermore, we have established the semiclassical rela-
tion between the quantum metric tensor and the classical
metric proposed in Ref. [28]. The new expressions, as well
as the semiclassical relation, were obtained by perform-
ing a semiclassical approximation of the quantum metric
tensor and the Berry curvature in the Lagrangian formal-
ism. A distinguishing feature of our approach to obtain
the classical metric is that it can be applied to a wide
variety of systems, even those whose quantum counter-
part involves fermions, and without prior knowledge of
any generating function.
We have shown the applicability and validity of our ap-
proach in five different systems. For the generalized har-
monic oscillator, we have seen that the approach yields
the already known expressions for the classical analogs
of the Berry curvature and the quantum metric tensor
and that the semiclassical relation between the classical
and quantum metrics is satisfied. In the case of the sym-
metric coupled harmonic oscillators, the resulting classi-
cal metric and curvature have precisely the same struc-
ture as their quantum counterparts, while in the case of
the linearly coupled harmonic oscillators, the classic and
quantum metrics differ by one term, which is a conse-
quence of a quantum anomaly that arises from the order-
ing of the operators. Regarding the singular Euclidean
oscillator, our analysis has shown that the classical and
quantum metrics agree to first order in ~, which is some-
how expected since the classical metric only has tree–
level contributions and the quantum metric involves loop
corrections. This result is remarkable since the singu-
lar Euclidean oscillator involves a potential that cannot
be treated in a perturbative way using standard proce-
dures. Finally, for the system of a particle with spin 1/2
in a magnetic field, we have shown how our approach can
be extended to deal with Grassmannian models corre-
sponding to quantum systems with fermions. In this case,
the classical curvature obtained from our approach is the
same as that found by Gozzi et al. [30] using the standard
expression, and the classical metric turns out to have the
same structure as its quantum counterpart. As has been
mentioned, in all the systems that were presented, in
order to satisfy Eq. (17), we needed to adjust the quanti-
zation rule for different powers of the action variables to
some numerical coefficients. This can be thought to be
analogous to what happens in Ref. [54], where the alge-
braic ‘classical’ procedure to find all the possible anoma-
lies in Yang-Mills theory, matches the quantum result
only up to numerical coefficients.
It is important to point out that we have not found
in the literature any study on the Berry curvature, the
quantum metric tensor, or their classical counterparts
for the cases of the symmetric coupled harmonic oscilla-
tors, the linearly coupled harmonic oscillators, and the
singular Euclidean oscillator. The same follows for the
classical metric of the system of a spin-half in a mag-
netic field. Thus, the expressions that we have obtained
here for these classical and quantum geometrical struc-
tures are new and can be used to further investigate the
nature of the parameter spaces of the corresponding clas-
sical and quantum systems. For instance, it is interesting
to note that the classical metric associated to the sym-
metric coupled harmonic oscillators can be split as the
sum of two parts, each of which involves only one action
variable of the uncoupled subsystems. This separability
property is not present in the case of the linearly coupled
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harmonic oscillators, which may suggest that this system
could be more ‘entangled’ than the symmetric coupled
harmonic oscillators.
In summary, for all the systems analyzed in this paper,
the resulting parameter structure of the classical metrics
and curvatures are the same or almost the same as those
of their corresponding quantum counterparts. Therefore,
our study of the parameter space of a classical integrable
system, which is purely classical since it only involves
averages over classical (angle) variables and does not re-
quire any prior knowledge of the quantum system Hilbert
space, reveals that this space captures all, or at least a
good part of, the information that can be extracted from
the parameter space of the associated quantum system.
This means, for instance, that the parameter space ob-
tained in the classical setting may be used to gain a first
insight into quantum phase transitions or quantum en-
tanglement. This shows the importance of this space,
and that it is worth studying.
In this sense, it will be very interesting to apply our
approach to other more realistic systems such as those
of condensed matter physics where the Berry curvature
and the quantum metric tensor play an important role,
in particular, toward understanding the existence of ten-
sor monopoles in the parameter space [13]. In this line
of work, it would be also interesting to analyze, from the
point of view of the parameter space in the classical set-
ting, the effect of a quantum dissipative environment on
a fermionic system [55]. Furthermore, in the context of
many-body systems, the quantum metric tensor can be
related to the mean-square fluctuation of the macroscopic
bulk polarization in insulators [56]. In this line of work,
it would be interesting to extend our classical metric to
many-body fermionic systems using Grassmann variables
and see whether it can predict similar results to those of
the quantum case. In the same spirit, we could try to
analyze a Bose-Einstein condensate in the mean-field ap-
proximation using the Gross-Pitaevskii equation. There
exists a mixed quantum-classical approach where one can
resort to a type of action-angle variables and compute
both Hannay angle and Berry phase [57]. However, in
purely classical terms, the Inverse Scattering Transform
(IST) is known to provide the interpretation that some
nonlinear partial differential equations are Hamiltonian
systems where the IST can be thought of as a canonical
transformation to action-angle variables [58]. This sug-
gests that we could use our procedure, once it has been
properly generalized to an infinite number of degrees of
freedom, to compute our classical metric and see whether
it contains information regarding the quantum aspects of
the condensate. Finally, it would also be worth exploit-
ing the extension of our approach to the classical analog
of the non-Abelian quantum metric tensor [59], and clas-
sical systems with chaotic dynamics [60].
ACKNOWLEDGMENTS
J.D.V. would like to thank Prof. A. Balatsky for
his kind hospitality at Dynamic Quantum Matter and
the invitation to participate in this special issue in An-
nalen der Physik. This work was partially supported
by DGAPA-PAPIIT Grants No. IN103716 and No.
IN103919, CONACyT project 237503. J. Alvarez is sup-
ported by CONACyT Ph.D. scholarship (No.419420). D.
Gutiérrez-Ruiz is supported with a CONACyT Ph.D.
scholarship (No. 332577). D. Gonzalez is supported with
a DGAPA-UNAM postdoctoral fellowship.
[1] M.V. Berry Proc. R. Soc. A 392, 45–57 (1984).
[2] T. Jungwirth, Q. Niu, and A.H. MacDonald Phys. Rev.
Lett. 88, 207208 (2002).
[3] F.D.M. Haldane Phys. Rev. Lett. 93, 206602 (2004).
[4] D. Xiao, M.C. Chang, and Q. Niu Rev. Mod. Phys. 82,
1959–2007 (2010).
[5] N.P. Armitage, E. J. Mele, and A. Vishwanath Rev. Mod.
Phys. 90, 015001 (2018).
[6] H. Rostami, E. Cappelluti, and A.V. Balatsky Phys.
Rev. B 98, 245114 (2018).
[7] J. P. Provost and G. Vallee Commun. Math. Phys. 76,
289–301 (1980).
[8] S. J. Gu Int. J. Mod. Phys. B 24, 4371–4458 (2010).
[9] L. Campos Venuti and P. Zanardi Phys. Rev. Lett. 99,
095701 (2007).
[10] P. Zanardi, P. Giorda, and M. Cozzini Phys. Rev. Lett.
99, 100603 (2007).
[11] P. Kumar, S. Mahapatra, P. Phukon, and T. Sarkar Phys.
Rev. E 86, 051117 (2012).
[12] S. L. Zhu Phys. Rev. Lett. 96, 077206 (2006).
[13] G. Palumbo and N. Goldman Phys. Rev. Lett. 121,
170401 (2018).
[14] G. Palumbo and N. Goldman Phys. Rev. B 99, 045154
(2019).
[15] M. Miyaji, T. Numasawa, N. Shiba, T. Takayanagi, and
K. Watanabe Phys. Rev. Lett. 115, 261602 (2015).
[16] D. Bak Phy. Lett. B 756, 200 – 204 (2016).
[17] A. Trivella Classical Quantum Gravity 34, 105003
(2017).
[18] J. Alvarez-Jimenez, A. Dector, and J.D. Vergara J. High
Energy Phys. 2017, 44 (2017).
[19] J. Alvarez-Jimenez and J.D. Vergara Int. J. Quantum
Inf. 17, 1950017 (2019).
[20] F. Weinhold J. Chem. Phys. 63, 2479–2483 (1975).
[21] G. Ruppeiner Phys. Rev. A 20, 1608–1613 (1979).
[22] H. Quevedo J. Math. Phy. 48, 013506 (2007).
[23] J. H. Hannay J. Phys. A: Math. Gen. 18, 221 (1985).
[24] M.V. Berry J. Phys. A: Math. Gen. 18, 15 (1985).
[25] S.N. Biswas, S.K. Soni, and T.R. Govdindarajan J.
Phys. A: Math. Gen. 23, L7 (1990).
[26] Y. Brihaye, S. Giller, P. Kosinski, and P. Maslanka Phys.
Rev. D 47, 722–724 (1993).
[27] M. Maamache, J. P. Provost, and G. Vallee J. Phys. A:
Math. Gen. 23, 5765–5775 (1990).
16
[28] D. Gonzalez, D. Gutiérrez-Ruiz, and J.D. Vergara Phys.
Rev. E 99, 032144 (2019).
[29] E. Gozzi and W.D. Thacker Phys. Rev. D 35, 2388–2397
(1987).
[30] E. Gozzi, D. Rohrlich, and W.D. Thacker Phys. Rev. D
42, 2752–2762 (1990).
[31] L. Bombelli, R.K. Koul, J. Lee, and R.D. Sorkin Phys.
Rev. D 34, 373–383 (1986).
[32] M. Srednicki Phys. Rev. Lett. 71, 666–669 (1993).
[33] S.M. Chandran and S. Shankaranarayanan Phys. Rev. D
99, 045010 (2019).
[34] S. Chapman, M.P. Heller, H. Marrochio, and
F. Pastawski Phys. Rev. Lett. 120, 121602 (2018).
[35] R.A. Jefferson and R.C. Myers J. High Energy Phys.
2017, 107 (2017).
[36] Y. S. Kim and M.E. Noz J. Opt. B: Quantum Semiclas-
sical Opt. 7, S458–S467 (2005).
[37] J. P. Paz and A. J. Roncaglia Phys. Rev. Lett. 100,
220401 (2008).
[38] D.N. Makarov Phys. Rev. E 97, 042203 (2018).
[39] S. Bellucci, A. Nersessian, A. Saghatelian, and
V. Yeghikyan J. Comput. Theor. Nanosci. 8, 769–775
(2011).
[40] V. Maslov and M. Fedoriuk, Semi-Classical Approxima-
tion in Quantum Mechanics, Mathematical Physics and
Applied Mathematics (D. Reidel Publishing Company,
Dordrecht, 1981).
[41] M. Brack and R. Bhaduri, Semiclassical Physics, Fron-
tiers in physics (Addison-Wesley, Reading, MA, 1997).
[42] L.A. Pando Zayas and N. Quiroz J. High Energy Phys.
2015, 110 (2015).
[43] P. Aniello, J. Clemente-Gallardo, G. Marmo, and G.F.
Volkert Int. J. Geom. Methods Mod. Phys. 07, 485–503
(2010).
[44] G. Marmo and G.F. Volkert Phys. Scr. 82, 038117
(2010).
[45] H.E. Camblong, L.N. Epele, H. Fanchiotti, and C.A.
García Canal Phys. Rev. Lett. 87, 220402 (2001).
[46] J. Casahorrán Physica A 217, 429 – 439 (1995).
[47] M. Maamache J. Phys. A: Math. Gen. 29, 2833–2837
(1996).
[48] M. Maamache Ann. Phys. 254, 1 – 10 (1997).
[49] X. Tan, D.W. Zhang, Z. Yang, J. Chu, Y.Q. Zhu, D. Li,
X. Yang, S. Song, Z. Han, Z. Li, Y. Dong, H. F. Yu,
H. Yan, S. L. Zhu, and Y. Yu Phys. Rev. Lett. 122,
210401 (2019).
[50] M. Yu, P. Yang, M. Gong, Q. Cao, Q. Lu, H. Liu, M.B.
Plenio, F. Jelezko, T. Ozawa, N. Goldman, S. Zhang, and
J. Cai, arXiv:1811.12840, 2018.
[51] T. Ozawa and N. Goldman Phys. Rev. B 97, 201117
(2018).
[52] A. Gianfrate, O. Bleu, L. Dominici, V. Ardizzone,
M. De Giorgi, D. Ballarini, K. West, L.N. Pfeif-
fer, D.D. Solnyshkov, D. Sanvitto, and G. Malpuech,
arXiv:1901.03219, 2019.
[53] D. Chruscinski and A. Jamiolkowski, Geometric Phases
in Classical and Quantum Mechanics (Springer Science
& Business Media, New York, 2012).
[54] G. Barnich and M. Henneaux Phys. Rev. Lett. 72, 1588–
1591 (1994).
[55] L. Henriet Phys. Rev. B 97, 195138 (2018).
[56] I. Souza, T. Wilkens, and R.M. Martin Phys. Rev. B 62,
1666–1683 (2000).
[57] Q. Niu, M.C. Chang, B. Wu, D. Xiao, and R. Cheng,
Physical Effects of Geometric Phases (World Scientific,
Singapore, 2017).
[58] M.A. Ablowitz and P.A. Clarkson, Solitons, Nonlin-
ear Evolution Equations and Inverse Scattering, London
Mathematical Society Lecture Note Series (Cambridge
University Press, Cambridge, 1991).
[59] Y.Q. Ma, S. Chen, H. Fan, and W.M. Liu Phys. Rev. B
81, 245129 (2010).
[60] J.M. Robbins and M.V. Berry Proc. R. Soc. A 436, 631–
661 (1992).
